Weak polyelectrolytes in the presence of counterion condensation with
  ions of variable size and polarizability by Kundu, Prasanta & Dua, Arti
ar
X
iv
:1
40
8.
24
60
v1
  [
co
nd
-m
at.
sta
t-m
ec
h]
  1
1 A
ug
 20
14
Weak polyelectrolytes in the presence of counterion condensation with ions of variable
size and polarizability
Prasanta Kundu and Arti Dua
Department of Chemistry, Indian Institute of Technology, Madras, Chennai-600036, India
(Dated: September 20, 2018)
Light scattering and viscometric measurements on weak polyelectrolytes show two important as-
pects of counterion condensation, namely, non-monotonic variation in the polyelectrolyte size with
the increase in the electrostatic strength, and, monovalent counterion selectivity in determining
the nature of collapse transition at high electrostatic strengths. Here, we present a self-consistent
variational theory for weak polyelectrolytes which includes the effects of the polarizability of mono-
valent counterions. Our theory reproduces several experimental findings including non-monotonic
conformational size with the variation in the electrostatic strength and a shift from a continuous to
a discontinuous collapse transition with the increase in the dipole strength of condensed ions. At
low dipole strength and high electrostatic strength, our theory predicts a series of solvent quality
driven size transitions spanning the re-entrant poor, theta and good solvent regimes. At high dipole
strength, the size remains that of a compact globule independent of solvent quality. The dipole
strength of the ion-pair formed due to counterion condensation, which depends on the size and
polarizability of the monovalent counterions, is found to be an important molecular parameter in
determining the nature of collapse transition, and the size of the collapsed state at high electrostatic
strength.
I. INTRODUCTION
Weak polyelectrolytes are polymers with ionizable functional groups that partially dissociate in polar solvents leaving
ions of one sign bound to the polymer chain and oppositely charged counterions in solution [1, 2]. In contrast to strong
polyelectrolytes which dissociate completely in the entire pH range accessible experimentally, weak polyelectrolytes
carry weak acidic or basic functional groups whose degree of ionization can be controlled by the change in the solution
pH [3–5]. The conformational behaviour of weak polyelectrolytes can thus be finely tuned by changes in the solution
pH, ionic strength, solvent quality and temperature rendering them with properties which find applications in many
areas including gene delivery [6], regulation of DNA transcription, DNA electrophoresis, water ultrafiltration [7] and
purification [8].
Conformational behaviour of partially ionized poly(acrylic acid) (PAA) in a dilute solution at room temperature has
been observed using viscometric titrations against strong bases like CH3OLi and CH3ONa [9]. Among other things, these
measurements show non-monotonic variation in the reduced viscosity with the increase in the degree of ionization. While
the reduced viscosity is directly proportional to the polymer size through the Flory-Fox equation and provides an indirect
measure of the polyelectrolyte size, the increase in the degree of ionization of PAA increases the fraction of charges along
the chain, thereby increasing the strength of the electrostatic interaction. The increase in the reduced viscosity at low
degree of ionization is due to electrostatic repulsion between like charged monomers along the polyelectrolyte backbone
resulting in polyelectrolyte chain swelling. The decrease in the reduced viscosity at high degree of ionization is more
intriguing, and believed to be due to attractive interaction between ion-pairs (dipoles) formed between partially charged
polyelectrolyte and oppositely charged counterions. This effect due to counterion condensation results in polyelectrolyte
chain collapse at high degree of ionization. Interestingly, the nature of the collapse transition depends on the size and
polarizability of the monovalent counterions, exhibiting continuous reduction in the polyelectrolyte size for smaller and
less polarizable Li+ as compared to discontinuous collapse transition for larger and more polarizable Na+ [9]. In the
former case, the reduced viscosity at high degree of ionization is close to its initial value at vanishingly small degree of
ionization, reminiscent of the re-entrant initial size at high degree of ionization. In the latter case, the reduced viscosity
at high degree of ionization is much smaller than its initial value at vanishingly small degree of ionization, indicating
the polyelectrolyte chain collapse. Moreover, the chain collapse in the presence of Na+ as counterions occurs for much
lower electrostatic strength compared to Li+ as counterions. Light scattering and osmotic pressure measurements on
PAA observe similar trends [9].
For an infinitely long charged rod, the phenomenon of counterion condensation is commonly described using Manning’s
theory [10]. The latter shows reduction in the fraction of charges along the polyelectrolyte backbone with the increase
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in the dimensionless electrostatic strength, lB/b, where lB is the Bjerrum length and b is the effective distance between
monomers. For a charged polymer, the theory of counterion condensation due to Manning is only applicable for stiff
rod-like polyelectrolytes, where the persistence length of the chain is much larger than the chain length. The presence of
the long-range electrostatic interactions in combination with the polymer elasticity make the phenomenon of counterion
condensation in flexible polyelectrolytes much more complex than the Manning counterion condensation, and has been
the focus of several analytical theories and simulations on strong polyelectrolytes [11–17] . These studies predict non-
monotonic variation of the polyelectrolyte size as a function of the electrostatic strength. Simulations also observe the
formation of ion-pair due to counter-ion condensation at high electrostatic strength [14–17]. However, there is discrepancy
in the nature of collapse transition at large electrostatic strength, which is found to be either discontinuous or continuous.
In recent simulations of a polyelectrolyte chain in a poor solvent, for instance, the reduction in the polyelectrolyte size
at high electrostatic strength is found to be continuous [14, 16]. The reduction in the chain size occurs via a sausage-like
phase, and results in a re-entrant poor solvent size at high electrostatic strength [14, 16]. Another recent simulation,
on the other hand, observes a discontinuous chain collapse without the formation of a sausage-like phase, and argues
that a continuous collapse transition is an artifact of finite size effects, arising from considering a short polyelectrolyte
chain with very low degree of polymerization, N [17]. While it is not clear if N = 199 and N = 120 considered in
references [14] and [16] respectively represent chains with very low degree of polymerization, another theoretical study
observing a discontinuous collapse transition suggests that the nature of collapse transition can shift from discontinuous
to continuous by varying certain molecular parameters [11]. Although which molecular parameter can bring about
such a shift is not clear, viscometric measurements on PAA with molar mass 5.5 × 105 g mol−1 (N ≈ 7640) provide
evidence that even for chains with very high degree of polymerization the increase in the size and polarizability of the
condensed counterions, corresponding to increase in dipole strength of the ion-pairs, shows a shift from a continuous
to a discontinuous collapse transition [9]. These studies indicate that there are currently discrepancies between theory,
simulation and experiment which need to be resolved.
In this work, we present a self-consistent variational theory which includes the effects of the dipole strength of the
ion-pairs, formed between condensed counterions and oppositely charged monomers at high electrostatic strengths, in
determining the nature of collapse transition in weak polyelectrolytes. The theory subsumes all previous results and
unifies them in a single framework. In particular, a continuous reduction in the polyelectrolyte size with a re-entrant poor,
theta or good solvent size at high electrostatic strength and a discontinuous collapse transition to compact globular state
independent of the solvent quality observed independently in references [14, 16] and [17] respectively are both captured
in the present theory by just increasing the dipole strength of the ion pairs, in qualitative agreement with experiments
[9]. The dipole strength of the ion-pairs, which depends of the size and polarizability of the condensed counterions at
high electrostatic strength, emerges as an important molecular parameter in influencing the nature of collapse transition
and the size of the collapsed state at high electrostatic strength.
The paper has been organized as follows. In Section II, a self-consistent variational theory to determine the size and
fraction of charges of a weak polyelectrolyte is presented in the presence of counterion condensation. In Section III, the
numerical solution of the coupled non-linear equations for the size and the fraction of charges is presented. The effects of
counterion condensation in determining the fraction of charges along the polyelectrolyte backbone and conformational
transitions of a weak polyelectrolyte as a function of the solution pH, solvent quality, electrostatic interaction strength
lB, the degree of polymerization for different values of the dipole strength are also discussed in Section III. Section IV
provides a brief summary of the results. The details of the calculations are presented in Appendices A, B and C.
II. THEORY
The starting point of our calculation is the following expression for the Hamiltonian, which describes the conformation
of a weak and flexible polyelectrolyte [12, 18–20]
H = H0 +H2 +H3 +Hc (1)
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and
βH = 3
2 b2
∫ N
0
dn
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∂rn
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w
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2
∫ N
0
dn
∫ N
0
dm
e−κ|rn−rm|
|rn − rm| , (2)
where the polymer conformation is described by the position vector rn of the nth monomer; b is the effective bond length
or Kuhn length and N is the effective number of monomers. The first term describes the entropic elasticity of the chain;
the second and the third terms represent the short range two-body and three-body interactions respectively; v2 and w
represent the strengths of the two-body and three-body interactions respectively. The fourth term represents the long
range screened Coulombic interactions, where f is the fraction of charges on the chain backbone. lB = e
2/4πǫkBT is
the Bjerrum length, where e is the elementary charge and ǫ is the dielectric constant of the solvent. The Bjerrum length
defines the length scale at which the electrostatic energy is of the order of kBT . In the absence of salt, κ represents the
inverse Debye screening length due to the presence of the oppositely charged counterions. Since the fraction of charges
on the chain backbone depends on the pH of the solution, the expression for the inverse screening length is given by
κ = (4π lB(fρ + 2 (1 − f)ρ))1/2, where ρ is the density of monomers. The first term in the last expression is due to
free counterions and the second term is due to the hydroxide (or methoxide) ions in hydrolysis of the polyelectrolyte
backbone [21].
When counterions condense on the polyelectrolyte chain, they form ion-pairs (dipoles) with the oppositely charged
monomers, with dipole moment P = ed, where d is the distance between the charge on the monomer and the oppositely
charged counterion. The dipolar interaction, which is short ranged, modifies the strength of the two-body interaction
[11]. From the Mayer f -function, f(r) = e−βU(r) − 1, the strength of the two-body interaction term is given by [22]
v2 = −4π
∫ ∞
0
dr r2f(r) = 4π
∫ ∞
0
dr r2(1 − e−βU(r)). (3)
Assuming that the condensed counterions only slightly perturb the repulsive and attractive interactions, the two-body
interaction energy is given by U(r) = Urep(r) +Uatt(r) +Ud(r) [11], where the first two terms represent the non-electric
part of the interaction energies comprising of the hard core repulsion term and the weak attractive potential term
respectively. The last term is due to the dipole interaction, Ud(r)/kBT = −4π(1− f)2 l2B d4/3 r6, at distance r between
the two dipoles [23]. For r < b, Urep/kBT ≫ 1 and the only contribution to the above integral comes from the repulsive
part of the potential. For r > b, on the other hand, the attractive part dominates and the only contribution to the above
integral comes from the attractive part of the potential [22]. The calculation of the integral in Eq. (3), thus, yields
v2 ≈ v − 16 π
2 (1− f)2 l2B d4
9b3
. (4)
The details of the calculation are given in Appendix A. In the above expression, v is the strength of the excluded volume
interaction in the absence of counterion condensation, the sign of which depends on the solvent quality. The sign of v
is positive in good solvents and negative in poor solvents. In theta solvents v = 0.
It is to be noted that in writing the expression for U(r) in Eq. (3), we have ignored the monopole-dipole interaction.
Although both monopole-dipole and dipole-dipole interactions are short-ranged attractive interactions and scale as
−f(1 − f)l2Bd2/r4 and −(1 − f)2l2Bd4/r6 respectively and contribute at high lB, the contribution from the dipole-
monopole interaction is much smaller than the the dipole-dipole interaction interaction at small r and high lB for two
reasons. First, because dipole-dipole interaction is of much shorter range 1/r6 and is more relevant at smaller r and high
lB; second, the dipole-dipole strength, d
4(1 − f)2, is higher than the dipole monopole strength, d2f(1− f) at large lB.
This is because as f get renormalized and become smaller at high lB due to counterion condensation, the contribution
from monopole-dipole interaction becomes smaller as it depends on f(1 − f) compared to (1 − f)2 dependence of the
dipole-dipole interaction. Recent simulations have shown that an increase in lB/b from one to slightly greater than one
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leads to 80% condensation of oppositely charge ions to form dipoles [16, 24]. This indicates the relevance of dipole-dipole
interactions, which for this reason is usually ignored in comparison to monopole-dipole interactions [25].
Below, we use the uniform expansion method of Edwards and Singh [19, 28], to determine the size of a polyelectrolyte
chain in good, poor and theta solvents. The uniform expansion method is a self-consistent variational approach, originally
used to determine the size of a neutral polymer in good solvents [19, 28]. It was later extended to study polyelectrolytes
and polyampholytes in good [26] and poor solvents [18, 20, 27]. In the absence of any interaction term, the probability
distribution of the chain end-to-end distance is Gaussian, and yields the mean square end-to-end distance as
〈
R20
〉
= Nb2.
The uniform expansion method [19] defines a new step length, b1 ≫ b, such that the mean square end-to-end distance of
the chain in the presence of the interaction terms is
〈
R2
〉
= Nb21. For this, it is required that the original Hamiltonian
H0 = 32b2
∫ N
0
dnr˙2n is replaced with the reference Hamiltonian H1 = 32b2
1
∫ N
0
dnr˙2n. This method, which is routinely used
to calculate the polymer size in the presence of the interaction terms, is outlined in the book by Doi and Edwards for a
neutral polymer in a good solvent [28]. Using this method, the expression for the mean square end-to-end distance of a
polyelectrolyte in different solvents in the presence counterion condensation is given by
〈
R2
〉
=
∫ D[Rn]R2 exp[−(H1 + (H0 −H1) +H2 +H3 +Hc)]∫ D[Rn] exp[−(H1 + (H0 −H1) +H2 +H3 +Hc)] . (5)
The last equation is the definition of
〈
R2
〉
, but by adding and subtracting H1 from H0,
〈
R2
〉
can be expanded in a
perturbative series about the reference Hamiltonian H1 to yield [18].〈
R2
〉 〈H0 −H1 +H2 +H3 +Hc〉 − 〈R2 (H0 −H1 +H2 +H3 +Hc)〉 = 0. (6)
Eqn.(6) can be written as[〈
R2
〉 〈H0 −H1〉 − 〈R2 (H0 −H1)〉]+ [〈R2〉 〈H2〉 − 〈R2 (H2)〉]+ [〈R2〉 〈H3〉 − 〈R2 (H3)〉]
+
[〈
R2
〉 〈Hc〉 − 〈R2 (Hc)〉] = 0. (7)
We solve each of these terms, the details of which are provided in Appendix B. The resulting equation is given by
1− α2 +
√
6 v N1/2
π3/2 α3 b3
+
1
α6
+
f2 lB N
3/2 Λ(κ0)
6 π2 b α
− 16
√
6π2 (1− f)2 l2B d4N1/2
9 π3/2 b6 α3
= 0, (8)
with
Λ(κ0) =
∫ ∞
0
dk0
∫ 1
0
dy
∫ 1
0
dx
(1− x)2 y3 k40 e−k
2
0
y (1−x)
(k20 + κ
2
0)
where α is a measure of the dimensionless average size given by α =
√
〈R2〉
〈R20〉 =
b1
b , where
〈
R2
〉
is the average size of
a polyelectrolyte in the presence of the interaction terms and
〈
R20
〉
is the average size of an ideal chain in the absence
of the interaction terms; κ0 = κN
1/2 b1 is the dimensionless inverse screening length; k0 = kN
1/2 b1, x = m/n and
y = n/N are the dimensionless integration variables. The effective free energy of a polyelectrolyte chain can be obtained
from Eq. (8) by using the method of thermodynamic integration [18, 29]
βFchain(α, f) = − lnα+ α
2
2
+
(
2
3 π
)1/2
v N1/2
π b3 α3
+
1
6α6
+
f2 lBN
3/2 Λ(κ0)
6 π2 b α
− 16
√
6 π (1 − f)2 l2B d4N1/2
27 b6 α3
. (9)
In the method of thermodynamic integration, the change in the free energy can be obtained from the integration of
the free energy gradient,
(
∂Fchain(α
′,f)
∂α′
)
f
, the minimization of which yields the equilibrium path connecting the two
states. Thus, Eq. (9) is obtained by using Fchain(α, f) = βFchain(α0, f) +
∫ α
α0
(
∂F (α′,f)
∂α′
)
f
dα′, where α0 is an arbitrary
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reference state. The first two terms in Eq. (9) are due to the entropic elasticity of the chain, the third term is due to the
excluded volume interaction, which accounts for the solvent quality. The fourth term is due to the three-body repulsion
interaction. The fifth term is due to the screened electrostatic interaction between charged monomers. The sixth term
accounts for the dipolar interaction between ion-pairs formed between the charged monomers on the polyelectrolyte
chain and the oppositely charged counterions. The electrostatic contribution to the free energy of the polyelectrolyte
chain is, thus, given by
βFel =
f2 lB N
3/2 Λ(κ0)
6 π2 b α
− 16
√
6 π (1− f)2 l2B d4N1/2
27 b6 α3
. (10)
In the presence of counterion condensation, the fraction of charged monomers on the chain, given by f in Eq. (9), are
not fixed but depends on the pH of the solution. In a mean-field approximation the grand-canonical free energy for
condensed and uncondensed counterions (CI) is given by
βFCI(α, f) = N [f log10 f + (1− f) log10(1 − f) + fµ] + βFel + βFfl, (11)
where µ = pH−pK0 and K0 is the intrinsic dissociation constant [1, 3–5]. In the above equation, the first two terms are
due to the ideal entropy of mixing of ionized and non-ionized monomers. The third term imposes a constraint of fixed
pH by introducing a chemical potential coupled to the fraction of charged monomers. The fourth term corresponds to
the screened electrostatic interaction energy of the monomers on the polyelectrolyte chain and the dipolar interaction
between ion-pairs formed due to counterion condensation. The last term accounts for the charge density fluctuations
of the uncondensed counterions. Within the Debye-Huckel mean field theory the latter is given by βFfl = −V κ3/12π
[1, 30], where V is the solution volume. It is to be noted that Ffluc term in Eq. (11) is the effective counterion-counterion
electrostatic interaction energy contribution to the total free energy within the Debye-Huckel mean field approximation
valid in dilute solutions [30]. Some of the key steps involved in obtaining the above expressions are summarized in
Appendix C. The above equation, when minimized with respect to f , results in the following expression:
N [log10
f
1− f + pH − pK0] +
f lB N
3/2 Λ(κ0)
3 π2 b α
+
f2 lB N
3/2 ∂f (Λ(κ0))
6 π2 b α
+
32
√
6 π (1− f) l2B d4N1/2
27 b6 α3
+N
[
(2− f) ρ l3B π
]1/2
= 0. (12)
Eqs. (8) and (12) are the key equations of the present work. In what follows, we provide a numerical solution of these
two coupled equations.
III. RESULTS
To calculate the fraction of charges on the polyelectrolyte backbone and the size of the weak polyelectrolyte, the non-
linear coupled equations, given by Eqs. (8) and (12), are solved numerically for the dimensionless size (α) and the fraction
of charges (f) respectively as a function of the dimensionless strength of the electrostatic interaction characterized by the
Bjerrum length, lB/b. This is done by keeping the dimensionless variables like the number of monomers, N , the density
of monomers, ρ/b3, the two-body interaction parameter representing the quality of solvent, v/b3, the dipole interaction
strength between two dipoles characterized by the distance between the charge on the monomer and oppositely charged
counterions, d/b, pH and pK0 constant.
For a weak polyelectrolyte, the fraction of charges, f , on the polyelectrolyte backbone are not fixed, but depends on
the solution pH [1, 3–5]. This is depicted in Fig. (1) which shows the variation of the fraction of charges, f , along
the chain backbone as a function of the dimensionless Bjerrum length, lB/b at different pH. At lB/b = 0, when the
electrostatic interaction between the charged monomers and the counterions is absent and only contribution to the free
energy expression in Eq. (11) is from the ideal entropy of mixing, Eq. (12) suggests that pH = pK0 + log10
1−f
f .
As expected, therefore, at very small value of the electrostatic interaction strength, lB/b, the weak polyelectrolyte is
fully ionized at very low pH, but show partial ionization at higher pH. With the increase in the Bjerrum length, the
electrostatic interaction between oppositely charged counterions and monomers becomes important, as a result of which
counterions begin to condense on the chain resulting in the reduction of the effective charge. At large Bjerrum length,
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FIG. 1: The dependence of the solution pH on the variation of the fraction of charges on the polyelectrolyte backbone, f , as a
function of the increase in the dimensionless strength of the electrostatic interaction characterized by the Bjerrum length, lB/b,
for N = 200 (solid line) and 500 (dashed line), ρ/b3 = 0.001, v/b3 = −0.2 and pK0 = 4 and (a) d/b = 0.01, (b) d/b = 0.5. As
expected, the fraction of charges on the chain backbone are higher at low pH compared to the higher values. The fraction of
charges reduce continuously with the increase in the electrostatic strength due to counterion condensation at high electrostatic
strength.
all the counterions condense on the chain resulting in the zero effective charge [Fig. (1a)]. Fig. (1) shows that the
fraction of charges reduce faster for a solution at higher pH as the chain is only partially charged as compared to very
low pH when the chain is fully charged.
With the increase in the dipole strength, Fig. (1b), there is reduction of the fraction of charges. However, the effective
charge is very close to zero but not exactly zero. The values of the effective charge at large lB/b, for instance, are
f = 0.034 and f = 0.02 for N = 200 and N = 500 respectively in Fig. (1b). A possible reason for this can be that
at high dipole strength, d/b, the attractive interaction between dipoles [the fourth term in Eq. (12)] dominates. This
results in a compact globular state which is expected to form faster when the dipole strength is high compared to
when it is low. At high dipole strength, therefore, the formation of the compact globular state can prevent counterion
condensation to reduce the effective charges to zero. This also shows that at high electrostatic strength, the coupling of
the fraction of charges with the polyelectrolyte size, governs the phenomenon of counterion condensation.
To understand the effects of the degree of polymerization [Fig. (2)], solvent quality [Fig. (3)] and solution pH [Fig. (4)]
on the conformational behaviour of weak polyelectrolytes, Figs. (2)-(4) show the variation of the dimensionless size, α,
as a function of the electrostatic interaction strength, lB/b. A common feature of all three plots is the non-monotonic
variation in the polyelectrolyte size with the increase in the electrostatic interaction strength. At lB/b = 0, the size of the
chain is determined by the quality of solvent, which is a globular [α < 1] state corresponding to α ≈ bN1/6/v1/3N−1/6/b3
[Fig. (2)]. In this limit, the size is determined by the balance of the third and fourth terms in Eq. (8). With the increase
in the electrostatic interaction strength lB/b, the polyelectrolyte size swells to a rod-like state [α≫ 1] due to electrostatic
repulsion between like-charged monomers on the chain, given by the fifth term in Eq. (8). The increase in N leads to
much larger increase in the size resulting in a more extended rod-like state [Fig. (2)].
When lB/b ≥ 1, counterions begin to condense on the polyelectrolyte backbone resulting in the formation of ion-
pairs between charged monomers and oppositely charged counterions, thereby reducing the effective charge of the
polyelectrolyte. The reduction in the fraction of charges due to counterion condensation reduces the repulsive strength
of the electrostatic interaction [fifth term in Eq. (8)], as a result of which the size of the polyelectrolyte gradually shrinks.
At large Bjerrum length, when the effective charge on the polyelectrolyte is close to zero, the chain shrinks to its original
size. The latter corresponds to a re-entrant globular state in poor solvents at high lB/b [Fig. (2a)]. This occurs when
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FIG. 2: Dependence of the degree of polymerization on the variation of the dimensionless size α as a function of the dimensionless
electrostatic strength, lB/b, for N = 50 (red), 100 (blue), 200 (green) and 500 (magenta), ρ/b
3 = 0.001, v/b3 = −0.2, pK0 = 4,
pH = 1, and (a) d/b = 0.01, (b) d/b = 0.5. At low dipole strength (a), the reduction in the polyelectrolyte size from the extended
state is continuous and the reduced size at high electrostatic strength shows re-entrant poor solvent size. At high dipole strength
(b), the collapse transition is discontinuous and the collapsed size is a compact globular state independent of the solvent quality.
In the latter cases, a discontinuous transition is observed even for low degree of polymerization. The inlets of (a) and (b) show
log(α) versus log(N) plots at lB/b = 20. The inlet of (a) shows that α ∝ N
−1/6 corresponding to a re-entrant globular state at
high lB/b. The inlet of (b) shows that α ∝ N
−1/6 corresponding to a collapsed globular state at high lB/b. Although the slopes
in both cases are the same, the difference is in the values of the intercept which is lower in (b) compared to (a)
the strength of the dipole interaction is low, as a result of which the contribution from the attractive dipole interaction
[sixth term in Eq. (8)] is insignificant. At low dipole strength, therefore, the reduction in the chain size at large lB/b
is continuous and shows a re-entrant poor solvent state with the size comparable to the original size at lB/b = 0 [Fig.
(2a)]. The latter is depicted in the inlet of Fig. (2a) which shows that α ∝ N−1/6.
At high dipole strength [Fig. (2b)], counterion condensation sets in at lB/b ≥ 1, which results in the reduction of
the fraction of charges on the polyelectrolyte backbone. As a result of this, the repulsive strength of the electrostatic
interaction [fifth term in Eq. (8)] reduces resulting in the shrinkage of the polyelectrolyte size. The initial shrinkage
in the polyelectrolyte size occurs due to charge renormalization because of counterion condensation. With the further
increase in lB/b, the attractive interaction between dipoles [sixth term in Eq. (8)] overcomes the reduced strength of
repulsive electrostatic interaction [fifth term in Eq. (8)], resulting in an abrupt shrinkage of the polyelectrolyte size to a
compact globular state. At high dipole strength, therefore, the chain collapse to compact globular state is discontinuous
[Fig. (2b)], and occurs due to attractive dipole interactions between ion-pairs formed due to condensed counterions. The
scaling of the polyelectrolyte size with respect to N at high lB/b is depicted in the inlet of Fig. (2b) which shows that
α ∝ N−1/6 corresponding to a compact globular state. The fact that the compact globular size is less than the re-entrant
globular size is captured by the intercept of log(α) versus log(N) plot [inlet of Fig. (2b)] which is less compared to the
re-entrant globular state [inlet of Fig. (2a)]. Interestingly, Fig. (2b) shows that at high dipole strength the nature of
conformational transition at high lB/b is discontinuous even for low N . This point is discussed in more detail later.
Fig. (3) shows the non-monotonic variation of the dimensionless size α as a function of the solvent quality. As before,
at lB/b = 0 the size of the chain is determined by the quality of solvent, which is in coiled [α > 1], ideal coiled [α ≈ 1] or
globular [α < 1] state corresponding to good [v > 0], theta [v = 0] or poor [v < 0] solvents respectively. In this limit, the
size is determined by the balance of the first four terms in Eq. (8) which yields α ∝ N1/10, α ∝ N0 and α ∝ N−1/6 for
good, theta and poor solvents respectively. With the increase in the electrostatic interaction strength lB/b, irrespective
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FIG. 3: Dependence of the solvent quality on the variation of the dimensionless size α as a function of the dimensionless
electrostatic strength, lB/b, for N = 100, ρ/b
3 = 0.001, v/b3 = −0.2 (red), 0 (blue) and 0.2 (green), pH = 2.5, pK0 = 4.0 and (a)
d/b = 0.01, (b) d/b = 0.5. A non-monotonic conformational behaviour is observed with the increase in the electrostatic strength.
At low dipole strength (a), the reduction in the polyelectrolyte size from the extended state is continuous and the reduced size at
high electrostatic strength shows re-entrant poor (red), theta (blue) and good (green) solvent size. At high dipole strength (b),
the collapse transition is discontinuous and the collapsed size is a compact globular state independent of the solvent quality. The
inlets of (a) and (b) show log(α) versus log(N) plots at lB/b = 20 for poor (red), theta (blue) and good (green) solvents . The
inlet of (a) shows that α ∝ N−1/6, α ∝ N−1/100 ≈ N0 and α ∝ N1/10 corresponding to a re-entrant globular, ideal coil and coiled
state at high lB/b respectively. The inlet of (b) shows that α ∝ N
−1/6 corresponding to a collapsed globular state at high lB/b
independent of solvent quality.
of the quality of solvent, the polyelectrolyte size swells to a rod-like state [α≫ 1] due to electrostatic repulsion between
like-charged monomers on the chain, given by the fifth term in Eq. (8). The size in this limit is governed by the first
five terms in Eq. (8). At large Bjerrum length, when the effective charge on the polyelectrolyte is close to zero due
to counterion condensation, the chain shrinks to its original size. The latter corresponds to a re-entrant coiled state in
good solvents, ideal coiled state in theta solvents and globular state in poor solvents, the scaling of which is shown in the
inlet of Fig. (3a) for high lB/b . Thus, at low dipole strength the reduction in the chain size at high lB/b is continuous
and, depending on the solvent quality, there is a re-entrant good, theta or poor solvent state [Fig. (3a)]. At high dipole
strength [Figs. (3b)], counterion condensation results in a discontinuous collapse transition from a rod-like state to a
compact globular state. Thus, irrespective of the quality of solvent, the collapsed state is a compact globular state of
size less than the original size [Fig. (3b)]. This is shown in the inlet of Fig. (3b) which yields the same scaling for the
compact globular size, α ∝ N−6, independent of the solvent quality.
Fig. (4) shows the non-monotonic variation of the dimensionless size as a function of the dimensionless Bjerrum length
in a poor solvent at different pH . With the decrease in the solution pH, the polyelectrolyte chain becomes more ionized
resulting in a more extended rod-like state [Fig. (4)]. As before, when lB/b ≥ 1, counterion condensation occurs
resulting in the reduced effective charge of the polyelectrolyte chain. At low dipole strength, this results in a continuous
reduction in the polyelectrolyte size to a re-entrant poor solvent state at high electrostatic strength [Fig. (4a)] due to
charge renormalization. At high dipole strength, the attractive interaction between dipoles results in a discontinuous
chain collapse to a size which is smaller than the original size at lB/b = 0 [Fig. (4b)].
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FIG. 4: Dependence of the solution pH on the variation of the dimensionless size α as a function of the dimensionless electrostatic
strength, lB/b, for N = 100, ρ/b
3 = 0.001, v/b3 = −0.2, pH = 1, 2, 3, pK0 = 4 and (a) d/b = 0.01, (b) d/b = 0.5. The
polyelectrolyte chain extension is higher at low pH because of the higher fraction of charges on the chain backbone. At low
dipole strength (a), the reduction in the polyelectrolyte size from the extended state is continuous and the reduced size at high
electrostatic strength shows re-entrant poor solvent size. At high dipole strength (b), the collapse transition is discontinuous and
the collapsed size is a compact globular state independent of the solvent quality.
IV. SUMMARY AND CONCLUSION
In this work we have presented a self-consistent variational theory for the conformational behaviour of weak polyelec-
trolytes which includes, crucially, the variation in dipole strength of the ion-pairs formed due to counterion condensation.
The conformational behaviour is studied as a function of the solvent quality, the solution pH or the degree of polymeriza-
tion and captures several qualitative features of viscometric and light scattering measurements on weak polyelectrolytes
[9]. This include non-monotonic variation of the polyelectrolyte size as a function of the increase in the electrostatic
strength; a continuous reduction in the polyelectrolyte size at low dipole strength corresponding to smaller and less
polarizable condensed counterions; a discontinuous collapse transition at high dipole strength, corresponding to larger
and more polarizable condensed counterions; a re-entrant good, theta and poor solvent size at low dipole strength due to
charge renormalization in the presence of counterion condensation at high electrostatic strength; a discontinuous collapse
transition to compact globular state, independent of the solvent quality, at high dipole strength due to attractive dipole
interaction between ion-pairs. Here, as in experiments, the discontinuous chain collapse at higher dipole strength, which
abruptly reduce the size of a weak polyelectrolyte, occurs at much lower value of the electrostatic interaction strength
compared to the case when the dipole strength is low.
The self-consistent mean field approach of the uniform expansion method presented here has been used earlier to study
the effects of counterion condensation in strong polyelectrolytes [12]. However, the main difference between the present
work and the previous work in Ref. [12] is that in the latter work the effect of counterion condensation is not due to the
dipolar interactions between condensed counterions, but due to disparity between the bulk dielectric constant and local
dielectric constant close to the chain backbone. The neglect of dipolar interactions results in a continuous reduction in
the chain size as a function of the Bjerrum length. This can not explain the experimental results which observe a shift
from the continuous to the discontinuous transition with the increase in the size and polarizability of the counterions.
Thus, a continuous reduction in the polyelectrolyte size and a discontinuous collapse to a compact globular state at high
electrostatic strength, observed in independent simulations in references [14, 16] and [17] respectively, are subsumed
and unified in the present theory which shows a shift from continuous to discontinuous collapse transition with the
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increase in the dipole strength, in agreement with experiments [9]. The present work shows that the dipole strength of
the ion-pairs, formed due to condensed counterions at high electrostatic strength, plays a significant role in determining
the nature of collapse transition and the size of the collapsed state at high electrostatic strength. It also shows that
even for low degree of polymerization, the attractive interaction between ion-pairs of higher dipole strength can induce
discontinuous collapse transition. Thus, the reason for either observing continuous collapse transition at low degree of
polymerization [16] or discontinuous collapse transition at high degree of polymerization [17] in recent simulations can
not be merely attributed to finite size effects, but has to considered in relation to the dipole strength of the ion-pairs
formed between charged monomers and oppositely charged condensed counterions at high electrostatic strength.
Appendix A: Derivation of the two-body interaction strength in the presence of the dipolar interactions
The interaction potential in the presence of counterions is
U(r) = Urep(r) + Uatt(r) + Ud(r) (A1)
where, Urep(r) and Uatt(r) are the hardcore and weak attractive potentials respectively. Ud(r) is the interaction energy
between two dipoles separated at a distance r, which is assumed to be weak. The Mayer f -function is given by
f(r) = e−β{Urep(r)+Uatt(r)+Ud(r)} − 1. (A2)
In terms of the Mayers f -function, the expression for the two-body interaction strength is given by
v2 = −4π
∫ ∞
0
drr2f(r)
= −4π
∫ b
0
drr2f(r) − 4π
∫ ∞
b
drr2f(r). (A3)
For r < b, βUrep(r)≫ 1, only the repulsive potential dominates resulting f(r) = e−βUrep(r)−1 ∼= −1 . For r > b, on the
other hand, the attractive potentials dominate and β(Uatt(r)+Ud(r)) < 1, which results in f(r) = e
−β{Uatt(r)+Ud(r)}−1 ∼=
−β{Uatt(r) + Ud(r)}. Therefore, the modified expression for the two-body interaction term in the presence of dipolar
interactions can be approximately written as
v2 ≈ 4π
∫ b
0
dr r2 +
4π
kBT
∫ ∞
b
dr r2 Uatt(r) +
4π
kBT
∫ ∞
b
dr r2 Ud(r)
≈
(
1− θ
T
)
b3 +
4π
kBT
∫ ∞
b
dr r2 Ud(r). (A4)
where θ ≈ −(b3 kB)−1
∫ ∞
b
dr r2 Uatt(r) is called the θ-temperature. The term
(
1− θ
T
)
b3 is the excluded volume, v,
and it can either be positive, negative or zero depending on whether T > θ, T < θ or T = θ respectively. Using the
expression for βUd(r) = −4π(1− f)2 l2B d4/3 r6, v2 can be written as
v2 ≈ v + 4π
∫ ∞
b
dr r2
(
−4 π (1 − f)
2 l2B d
4
3 r6
)
= v − 16 π
2 (1− f)2 l2B d4
9 b3
. (A5)
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Appendix B: Uniform Expansion Method for weak polyelectrolytes in the presence of dipolar interactions
The detailed calculations of the entropic term are fairly standard and can be found in Refs. [28] and [19]. The
corresponding result is
〈
R2
〉 〈H0 −H1〉 − 〈R2 (H0 −H1)〉 = Nb41
(
1
b21
− 1
b2
)
. (B1)
To calculate
〈
R2
〉 〈H2〉 − 〈R2 (H2)〉, we use
δ [Rn −Rm] =
∫ ∞
−∞
d3k
(2π)3
eik·|Rn−Rm| (B2)
and the result 〈
eik·|Rn−Rm|
〉
= e−k
2(n−m)b2
1
/6. (B3)
This leads to the following result:
〈
R2
〉 〈H2〉 − 〈R2 (H2)〉 = v2 b41
12π2
∫ N
0
dn
∫ N
0
dm
∫ ∞
0
dk k4(n−m)2 e−k2(n−m)b21/6 (B4)
where
v2 = v − 16 π
2 (1− f)2 l2B d4
9 b3
. (B5)
v is the strength of the excluded volume.
To calculate
〈
R2
〉 〈Hc〉 − 〈R2Hc〉, we use the following identity:
exp(−κ|Rn −Rm|)
|Rn −Rm| =
∫ ∞
−∞
d3k
(2π)3
exp(ik · |Rn −Rm|)
κ2 + k2
. (B6)
Further simplification results in
〈
R2
〉 〈Hc〉 − 〈R2Hc〉 = f2b41lB
6π2
∫ N
0
dn
∫ n
0
dm
∫ ∞
0
k4(n−m)2
(κ2 + k2)
e−k
2(n−m)b2
1
/6. (B7)
Defining the dimensionless quantities k0 = k N
1/2 b1, κ0 = κN
1/2 b1, m = nx and n = Ny the above equation can be
written in the dimensionless form
〈
R2
〉 〈Hc〉 − 〈R2Hc〉 = f2 lB N5/2 b1
6π2
∫ 1
0
dy
∫ 1
0
dx
∫ ∞
0
dk0
k40 (1− x)2 y3
(κ20 + k
2
0)
e−k
2
0
(1−x) y/6. (B8)
The uniform expansion method of Edwards and Singh [19] does not include the three-body interaction term. A
detailed calculation, which can be found in Ref. [20], yields
〈
R2H3
〉
=
w
6
∫ N
0
dn
∫ N
0
dm
∫ N
0
dl
〈
R2 δ[Rn −Rm] δ[Rm −Rl]
〉
. (B9)
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In terms of the wave vectors k and q, the above equation can be rewritten as
w
6
∫ ∞
−∞
d3k
(2π)3
∫ ∞
−∞
d3q
(2π)3
∫ N
0
dn
∫ N
0
dm
∫ N
0
dl
〈
R2 eik·|Rn−Rm| eiq·|Rm−Rl|
〉
. (B10)
Expanding the mean square end-to-end distance and the probability distribution in terms of internal coordinates and
using the fact that the probability distribution is Gaussian, we get
〈
R2H3
〉
=
w
6
∫ ∞
−∞
d3k
(2π)3
∫ ∞
−∞
d3q
(2π)3
∫ N
0
dn
∫ N
0
dm
∫ N
0
dl
[
Nb21 −
k2 (n−m)2 b41
3
− q
2 (m− l)2 b41
3
]
e−k
2(n−m)b2
1
/6 e−q
2(m−l)b2
1
/6. (B11)
Repetition of the above procedure to calculate
〈
R2
〉 〈H3〉 gives
〈
R2
〉 〈H3〉 = Nb21 w6
∫ ∞
−∞
d3k
(2π)3
∫ ∞
−∞
d3q
(2π)3
∫ N
0
dn
∫ N
0
dm
∫ N
0
dl e−k
2(n−m)b2
1
/6 e−q
2(m−l)b2
1
/6. (B12)
Subtracting Eq. (B11) form Eq. (B12) one obtains
〈
R2
〉 〈H3〉 − 〈R2H3〉 = w
6
∫ ∞
−∞
d3k
(2π)3
∫ ∞
−∞
d3q
(2π)3
∫ N
0
dn
∫ N
0
dm
∫ N
0
dl
[
k2 (n−m)2 b41
3
+
q2 (m− l)2 b41
3
]
e−k
2(n−m)b2
1
/6 e−q
2(m−l)b2
1
/6
=
w b41
12π4
∫ ∞
0
dk
∫ ∞
0
dq
∫ N
0
dn
∫ n
0
dm
∫ m
0
dl
[
(n−m)2k4q2 + (m− l)2k2q4]
e−k
2 (n−m) b2
1
/6e−q
2 (m−l) b2
1
/6. (B13)
The last integral diverges as q → ∞. The divergence can be removed by introducing an upper cut-off for the wave
number q, the details of which are discussed in Ref. [20]. The integrations in Eqs. (B1), (B4), (B8) and (B13) can easily
be carried out. Substitution of the results in Eq. (7) gives the following variational equation.
Nb1
2
(
1− b1
2
b2
)
+
√
6
(
v − 16pi2 (1−f)2 l2B d49 b3
)
N3/2
π3/2b1
+
f2lBN
5/2b1Λ(κ0)
6π2
+
wN
b1
4 = 0, (B14)
where
Λ(κ0) =
∫ ∞
0
dk0
∫ 1
0
dy
∫ 1
0
dx
k40 (1− x)2 y3
(κ20 + k
2
0)
e−k
2
0
(1−x)y/6. (B15)
Dividing the above equation by Nb21, taking α = b1/b and considering w ∼ b6, we obtain the variational equation given
by Eq. (8).
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The variational equation in the Edwards-Singh method directly estimates ∂F∂R [18]. Therefore the effective free energy
of the polyelectrolyte chain can be estimated employing the method of thermodynamic integration which leads to Eq.
(9).
Appendix C: Calculation of the ideal entropy of mixing
If N is the degree of polymerization and M is number of ionized monomers, then the degree of ionization is f = MN . For
a weak polyelectrolyte at a given pH, the ionized and non-ionized monomers are randomly distributed along the chain
backbone. At vanishingly small lB, therefore, the ideal entropy of mixing of the ionized and non-ionized monomers can
be written as
Smix = kB log10
[
N !
(N −M)!M !
]
. (C1)
Using Stirling’s approximation for large N and M ,
Smix = kB
[
−N log10
(N −M)
N
+M log10
(
N −M
M
)]
= −kB N [f log10 f + (1− f) log10 (1− f)] . (C2)
The free energy of mixing is given by
Fmix = −T Smix
= N kB T [f log10 f + (1− f) log10 (1− f)] . (C3)
Therefore,
βFmix = N [f log10 f + (1− f) log10 (1− f)] . (C4)
The free energy due to charge density fluctuations is given by
β Ffl = − κ
3
12 π
V
= − (4 π)
3/2
V
12 π
l
3/2
B ρ
3/2 [f + 2 (1− f)]3/2
= − (4 π)
1/2
V
3
l
3/2
B ρ
3/2 (2− f)3/2 . (C5)
Differentiating with respect to f gives,
∂f (β Ffl) = N π
1/2 l
3/2
B [ρ (2− f)]1/2 , (C6)
where N = ρ V .
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